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It was proved for objects in fully thermodynamic equilibrium but it is applicable to
any object in thermal equilibrium.
It is NOT applicable for non-thermal emitters (e.g., synchrotron, shocks, nuclear explosions)



Special Relativity

Special Relativity is a theory describing the motion of particles
and fields at any speed. It is based on two principles:

1. All inertial frames are equivalent for all experiments i.e.
no experiment can measure absolute velocity.

2. Maxwell's equations and the speed of light must be the
same for all observers.

v.E=L

=0

V-B=0

JB
V x E = ~ 30
JE

ot

V x B = pgd + posg



Gal |Iean RelatIVIty Applies to all inertial and non-inertial |
frames at low speeds.
The laws of motion are the

same in all inertial frames.

S peC|a| Relat|V|ty Applies to all inertial and non-inertial
f : |
The laws of motion are the rames

same in all inertial frames.
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L orentz Transformations
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(RN
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C Lorentz Transformations: Both space and time
7= ~ [:I _ L‘f-) are subject to transformation. The description of events
occurring at a certain location in space and time depends
yf =y on the particular reference frame of choice.
Z =z
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Relativity of Simultaneity




The Andromeda Paradox

The Andromeda Paradox

T

TUESDAY

Eill all humans 1

oo e .
A car moving past a stationary person will have a different set of
things that are simultaneous. At the distance of the Andromeda
galay the present instant for the stationary person might contain a
meeting where a space-adrmural 15 deciding whether to invade

earth. In the present instant for the person in the car the
Andromedian fleet 15 already on the way!

Shall we invade PP

MOMDAY

Formulated first by R. Penrose to illustrate the apparent paradox
of relativity of simultaneity



K.a

K

Ruler:Measuring a bar

v=0 v=.866¢C v=.995¢c V—=C

y=1 y=2 y=10 y—roo

)

)

]

Note: the two observers in K and K' would
measure the same effect with respect to each
other. How is that possible?

Lorentz-Fitzgerald Contraction

Solution: Lorentz transformation of time is NOT
Lorentz invariant since it depends also on space.
Therefore temporal simultaneity is NOT Lorentz
invariant. Therefore each observer does not see
the other carrying the measurement of the two
ends of the stick at the same time.

L’ = length of object in K’
= length of object in K




Clocks: Time Intervals

Time dilation effect

At'

At= =At'T

@lﬁh

Time in the lab frame flows faster than in the moving frame.

Same story here: both observers will see the each other's clock slowing down.
Each would object that the clocks used by the other to measure the time interval were
not synchronized.



Observability of Lorentz contraction
and Time dilation

Question for you: Lorentz contraction and time dilation assume
that you are carrying your measurements with rods and clocks,
i.e., you can carry the measurement “in place”.

But what happens when you use photons?

This is the situation we encounter in astronomy, basically all
information is carried by photons and we make measurements
by collecting photons on a detector (either by taking a picture
or by recording the photons’ time of arrivals).




Observability of Lorentz contraction
and Time dilation

Question for you: Lorentz contraction and time dilation assume
that you are carrying your measurements with rods and clocks,
i.e., you can carry the measurement “in place”.

But what happens when you use photons?

This is the situation we encounter in astronomy, basically all
information is carried by photons and we make measurements
by collecting photons on a detector (either by taking a picture
or by recording the photons’ time of arrivals).

We will see now that the fact that we use photons instead of rulers and clocks “in place”
changes completely the effect observed. This doesn’t mean of course that the Lorentz
contraction and/or time dilation do not occur. It means simply that the finite propagation
speed of light introduces distortions in the effect measured when using photons.
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Invigibility of the Lorentz Contraction®*

Juses TErswis
Low Alawas Sedesliis Laderalory, Undeseraiy of Califormia, Lad Afawios, New Maniie
(Reculvad June 13, 19500

Ii & alsown Chist, I tha appanont divectbons o abijcls pie jleliod as polils on & phis ssreisding s
obssever, ibe Lorents brenslormailon corresponds 1o o conformal tramlormation on ke sarloee of dbis
sphare, Thus, for ssficantly small subtandid sl asgle, an objoct will gppoar—optially—the same shige
i ull ebwervers, A sphere will phoiograph with preclsely the same clroalar sutllne whether suiionary o i
motlon with respect 15 the eamens. An ohfoct of los spmmetry Shan o sphore, such as o meter stick, will
appenr, when In raphl metion with respect to an obsorver, o bave undergess robsibom, not cowimciis,
The extest of this rotsthom ls glves by tha abereatlon snghe (0=4, s which # ls the sngle st which the
olifect s seen iy the observer anid @ is the sngle st which the ohiject woulil be seen by another oheorver i
the same pant statlonary with respect 1o the obiject, Observers photographlng the meeter atlck shmul-
tamsausly [rom the same posiibon will obilaln predaly the same plotare, excepl for 5 change in soale given
by the Diogmpler shift ratks, irrespective of thelr velodty relative to the meter stick, Even i methods of
mansiring distance; such ms stemmoopic photegraphy, am used; the Lomenbe contraction will met be visbs,
although eorrection for the finite velocity of gt will revoal It to be present.

INTRODUCTION

VER since Einsteln peesented his special theory of

lul.l.l:jvi.ty' in 1905 there seems to have been n
general belied that the Loremtz contraction should be
visible to the eye. Indeed, Lorents stated® in 1922 that
the contraction could be ph.sl.:gra[lh-,-d Eimilar sisie-
ments appear in other references too numerous 1o b
mentionéd, and even Elnatein's first paper leaves the
impression.* perhaps unintentionally, that the contrne-
tion due to relativistic mothon should be visible. The
usual statement is that moving objects “nppear con-
tracted,™ which is somewhat ambiguous. The special
'I!howj prmlil.h that the contmction can be abserved
by a suwitable experiment, and the words “observe™
amd “see™ seem to be wsed Interchangeably In this
commect i,

There is, however, a clear distinction between ob-
serving and seeing. An observation of the shape of a fast-
MmOVing ﬂhjen invabees simultnneons measurement of
the pesition of & number of points on the object. I done
by means of Lght, all the quanta should beave the
surface simuoltanenusly, as determined in the ohservers
system, but will arive at the observer’s position at
different times, Similar restrictions would apply o the

*This work wa: sspported by the U, 5 Atomic Esergy
Commission.

' A, Einsteim, Ann. Physik 17, 8% {1503),

TH. A Lewents, Laslures om Thooeatical Phynls (Macmllln
andd Company, Lid., London, 1931; trarslted from Dutch edition
of 19X, Val. 3, p- 25,

"In reference | [English trasshifom from The Primcigle o
Ralsgiviky (Dover Pablications, Inc., New Yook, repeinted from
1503 Alethwin edition) | Einstein stated: "A rigid body which,
mensared in & stwie of rest, has the form of o sphere, there-
beré has i & slafs of motion—viewsd [betrachiot] from the
statbonary system—the form of an ellipsced of revoluiton with
the azes 8|1 =271, RE Thus, wheress Lhe ¥ and X dimensions
of the sphere (and therefore of every righl body of no matter
what farsn} do nat ElE ety [n'u,bl. grachemis | mexfiliad l,l__l,' thi:
motion, the X dimersson appears [erscheint] shortened in the

mtbs L:{l=2""1, L&, the gremter the walue of v, Chi greatis
the shortening. For v=¢ all moving objecis—viewed [betrachiet]
from the “stabionsry” system—sheivel up into pluse fgure™

ust of radar as an observationn] method. In such ob-
servitions the datn received muast be corrected for 1he
finite welocity of light, using mensured distances ta
virlous palnts of the moving object. In ssedng the abject,
on the other hand, or photographing it, all the lgght
quanta arrive simultanecously at the eve (or shaiter),
having departed from the object al varows earlier
Limes, !'kﬂly this should make s difference hetween
the contracted shape which is in principle observable
and the actual visual appesrance of a fast-moving
-uhjrﬂ.

CONFORMALITY OF ARERRATION

The basic question of the wisibility of the Loremiz
cantraction may be stated as that of the appearance of
a repidly moving object in an inslantaneous photo-
graph, The object, of known shape when st rest, is
nasumed to have a high uniform speed relative 1o the
camern. The cimern B sssumes] to be af st in &
Galilean {unaccelerated) frame of reference. Of course
it would make no difference if the camera were, instead,
considered o move at high speed past the statiomary
abiject, but the photograph produced must be exasmined
il resl, so T ximph.'r 1o consider the camem as
stationary. The mechanism of the camemn muast be sach
as to give it essentlally instantameous shutter speed
nmdd sharp focws over the necessary depth of field.

The questions of whether to use photographic film
which les In a plane or Is carved so that all points are
nt the same distance from the lens (or pinhole), and
whether to use & lens corrected to eliminate optical
distartions, could be troublesome. To simplify matters,
it is assumed that the object sublends a visusl solid
nngle sufficiently small that these matters nesd not be
considered, It is assumed that the camers is pointed
directly at the apparent position of the object, s that
the light ruys strike the film in a perpendicular direc-
tion, producing an image in the center of the photo-
graphic film. The camers is assomed, also for simplicity,
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J. Terrell: “Invisibility of the Lorentz Contraction”

R. Penrose: “The Apparent Shape of a
Relativistically Moving Sphere”

These papers were published in 1959.

The effects of the finite speed of light seem
maybe obvious to you, but that’s how long
it took to realize this (special relativity was
first published in 1905...).

Actually A. Lampa (Austrian) realized this
earlier, in 1924. But for some reasons his
work was mostly ignored.

A. Lampa: “"Wie erscheint nach der
Relativitatstheorie ein bewegter Stab einem
ruhenden Beobachter?”



Photons: Measuring a bar

A,B,=L

L !
I

If you use a “ruler” you will see [,=

However, if you take a picture (i.e., you use
photons) you will see something very different.

Call H the point reached by the photon emitted
in A1 after a time At, such that the extreme B1
of the rod will be at B2 (i.e., H and B2 have the
same distance to the observer).

A photon emitted in H and B2 will thus reach
the observer simultaneously (i.e., create the
“picture” on the camera). The length A1B1 is
thus measured as HB2. IsHB2 =L,'/T"?

to observer
No!




Photons: Measuring a bar

A,B,=L
B,B,=pPcAt
A, H=cAt
With a bit of algebra one can find:

L'cosO
cT'(1—Pcos0)

A/ H=A B,cos0=

Then:

A/H L'
cos® T (1—Pcosh)

A=HB,=A,B,sinf=L"3sin0

A, B,= =8L'

to observer Note the difference between the ruler

and photon case




| |

' |

l |

' |

I | g
| : — =
|

| I

' |

A B
C A D B

Here the square represents an object of finite size and
extension. In other words any real object we can observe.
The net effect is a rotation of the object. Not a contraction



Photons: Time Intervals

We show now that the time dilation effect

is completely reversed when you do your
measurements with photons instead of
using “in place” clocks.

From what we said before we expect

a time dilation.

We will show now that, when using
photons, we find a time contraction:

A AL
B t=—5

(gl [Pl

- Here the subscript “a” and “e” refer
o to the “arrival” and emission time.

VD s Note that:
At,=At,'T
to observer is not measurable (with photons) but

we measure At, . Again, this is just an
effect due to the use of photons and the
fact that they propagate with a finite speed




Photons: Time Intervals

j*///,////A is the point where a lamp

emits its first photon. The
last photon is emitted in B

AB/ Lamp turns off

cAt,

YD

to observer




Photons: Time Intervals

;E//A is the point where a lamp

emits its first photon. The
last photon is emitted in B

}V Lamp turns off

D is the point where Ifhe\;‘:photon emitted in A is located,
/ when the last photon is é"mi%ed in B
D

to observer




Photons: Time Intervals

CD is the separatié'hna‘long the line of sight
> between the photons emjtted in Aand B

B

to observer




Photons: Time Intervals

to observer

An observer will thus measure the interval CD/c,
where c is the speed of light.

At = CD _AD-AC

=At,—BAt,cos0=At,(1—PcosO)
B C c

At'
0

e

At,(1—Bcos®)=TAt',(1—BcosO)=

Remember what delta is:

_ 1
6_1“(1—[3(:056)




Observer




Pb+Pb @ 40 GeV/N, t = -15.0 fm/c 5. Scherer, Univ. Frankfurt i Pb+Pb @ 40 GeV/M, t = 6.5 fm/c 5. Scherer, Univ. Frankfurt

Measured with a “ruler” | Measured with “photons”




Astrophysical Jets




'SMBH ~ 6x109 Msun




A practical application: Superluminal Motion

Special Relativity states that the speed of light cannot be crossed.
So how do you explain the following image”?

Superluminal Motion in the M87 Jet

1994

1985

1996

1997

1998

6.0c 55¢c 6.1c 6.0c



To answer this question look at the exercise 4.7 of the R&L

At » Time to move from Ato B
(in reference frame K)

B is closer to observer than A, therefore:

to observer At,=At,y(1—BcosO)=At,(1—PcosO)

Observer The displacement C — Bis vsin0Az,
Therefore the apparent velocity must be:

_vsin@Ate_ vsin 6
Vapp ™~ At,  1—PBcosO




To answer this question look at the exercise 4.7 of the R&L

How can we now find the maximum of this
apparent velocity?

_vsinGAte_ vsin 6

° Vapp ™ At,  1—PcosO

to observer

Observer



To answer this question look at the exercise 4.7 of the R&L

to observer

Observer

How can we now find the maximum of this
apparent velocity?

_vsinGAte_ vSsin ©

Vapp ™ At,  1—PBcosO

Differentiate (wrt the angle theta) and set
the expression to zero:

max:V V 1_62

app 1 L ﬁ2

V =yv

So if the velocity v is large and gamma is

>>1 you can easily go to apparent velocities
>> ¢



Apparent superluminal motion
is a very well known and widespread
phenomenon in astronomy!

Again, this is an effect due to the way in
which we perform the measurement: we
use photons which have a finite propagation
speed. Nothing is really moving at v>c.

1994

1985

1996

1997

1998

Superluminal Motion in the M87 Jet

6.0c 55¢ 6.1c

6.0c
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Apparent superluminal motion
is a very well known and widespread
phenomenon in astronomy!

Example: suppose v~0.99c, which is
relativistic, but still relatively far from c.

Then I'~7 and you get a “superluminal’

motion for basically almost any viewing

angle from zero to 60 degrees.

(angle zero — object moves directly towards you)
(angle 90 deg — object moves orthogonal to you)

Superluminal Motion in the M87 Jet

1994

1985

1996

1997

1998

6.0c 55¢ 6.1c 6.0c



Observer

Phase 1 and 2
R=3kpc
n~10"~7/fcm™3

Marrow Line Region and Phase 3
R<100pc
n=<10"9/cm™3

Broad Line Region
R<=0.01pc
n=10"10/cm™3



Relativistic Doppler Boost

Let's start from this expression we derived before:
At,=T(1—PBcosO)At’,

We know that frequency is the inverse of time so we can write:

Y

— —v
Y I'(1—BcosO) Y

This is the relativistic Doppler effect, based on the time
dilation AND the finite time for light propagation.



Aberration of Light

Source's rest frame Observer's rest frame

: &



Lorentz Transformations of Velocities

Call v the velocity of a reference frame K’ in K (as usual).
Call u’ the velocity of an object in K'. What is u in K?
First let's check the easy case: v is along the x-axis.

y y'

dx=vy(dx'+vdtl'), dy=ady’ R

dz=dZz', dt=‘r(dt’+ %dx’). 0 . h
c /

= dx  y(dx'+vdt) u+v /

*dt y(dt+vdx'/c?) 1 +ou/c?’
, There are the velocity

u, = “ N transformations when the
v(1+ vul/c?) velocity is on the x-axis
o direction. What about a more
U = Z general form?




Take v along an arbitrary direction. Take the parallel and perpendicular
components of u to v.

u;'l + v W',
u,= ’ ’ u,= ’
I (l-i-vu"/cz) y(l+0u”/c2)
u u'sinf’ i
tanf= — = > Aberration formula

U ~ y(u'cosf’ + ui

. sinf’
anb = s+ 0/0) Aberration of light (u = c)
cosfl = cosf +uv/c

1+(v/c)cos8’




Lorentz Transformations of Velocities: Beaming Effect

Let’s now ask the question of what happens when 0'=7t/2 i.e. the photon is emitted at
right angles tovin K.

Start from the aberration of light formula:

sin@’ c
tanf = - tan 0 =—
y(cos8’+v/c) _ yVv
cost’ +
cosf= SO0 X 0/C Sinf=—
1+ (v/c)cosb Y

If we are in the highly relativistic regime, v~c (gamma>>1) then theta must be small and so:

1
O~v

Terefore if photons are emitted isotropically in K’ then in K you will see half of them within an
angle 1/gamma



v=0.5C







Observer

hase 1 and 2

=3kpc » 1000pc
~10~7/fem~™3
. 100pc

w Line Region and Phase 3
Opc
~9/em~3

Broad Line Region
R<0.01pc
n=10"10/cm ™3

% Active Galactic Nucleus
o

It is instructive to consider a blob of plasma
ejected from around a black hole (both
supermassive or stellar). In Active Galactic
Nuclei, were a supermassive BH is present, the
blob is surrounded by clouds of gas emitting
radiation (so-called broad line regions). In stellar
mass BHs instead, there is a large cloud of hot
electrons that produce high energy radiation via
inverse Compton scattering.




®
~ Radius R W. - a
‘_ N N = EE . 1 - 2 _b_
o ASSUMPTIONS

1. Jet is moving with bulk Lorentz
factor Gamma

2. Broad Line Region’s photons are
produced in a sphere of radius R

3. The radiation is monochromatic



Frame K Blueshifted
90 deg.

by a factor |

1T _Anres

AA~e
VN
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Radius R -\ N\~ I'

. - Frame K Blueshifted

Intensity boost:
1'=8"1

1/Gamma by a factor |




* Frame K
@
Radius R . T

R . . )

G
, . ’
- 004 Frame K Blueshifted
. ] eg.
IntenSIty boost: 1/Gamma @ by a factor |
r— s 14

wonochromti e

onochromatic flux
spreads across frequencies W\-’.
(due to the cos(theta) factor below).

V= Y =v ¢

" T'(1—Bcosh)
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Radius R . A Ao |
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- 004 Frame K Blueshifted
. ] eg.
IntenSIty boost: 1/Gamma @ by a factor |
r— s 14

wonochromti e

onochromatic flux
spreads across frequencies e
(due to the cos(theta) factor below).

V= Y =v ¢

" T'(1—Bcosh)



Lorentz Transformations of Solid Angles

!

u
cos = ,UJ” = %; CcOS 9’ — _||
,/ui—b—uﬁ ¢ ¢
o) — cost +v/c
1+ v/ccost
So dQ = dcosfdg and d 2'=dcos 0'd ¢’ do=d¢'’
dQ = d& =

v2(1 4 Bcost)?

dQ=d Q'



Photons: Intensity, opacity and
emissivity Transformation

dN

h

Vit dy dQdA I = &1
!

—  Shi' aN

(dt'/8) odv' (dY'/52) dAT
— (53 IE(I}E) _ 531f(y/5)

| ~

§ = Lorentz Invariant

<

S

v
3

V

= Lorentz Invariant




Intensity, opacity and emissivity
Transformation

Suppose you have a moving absorbing medium with velocity v in K. The medium has a
certain optical depth. Theta is the angle that the photons (crossing the medium) make with the
velocity of the medium. How does the optical depth transform?

Since exp(-tau) gives the fraction of photons passing through the material, the optical
depth must be a Lorentz Invariant (i.e., simple counting does not change the outcome
in any reference frame).

[ O

V

= Lorentz Invariant

T=

sin 0

Similar arguments can be used to show that also the emissivity divided by the
frequency squared is a Lorentz Invariant:

]—z = Lorentz Invariant
Vv




UGC 10214 - The Tadpale® &

Disturbed spiral galaxy with a very long tail
Distance - 420,000,000 LY
Total kergth: 390,000 LY

NGE 1316 = “Foemax &

Doty ol iptical galany
Distance | G2000000LY
Deamneter - 220,000 LY

WEE 908
. ‘ Hercules 4
Glant ellipticsl galeoy with poswertul radio jets
Snarbursting galaxy with {shover: i ink) powered by a supenmassive:
dl_s'r.lmedsnralarms biack hole at the galawy's center

Distance -2,100,000,000 LY - MO0

Diameter: 1500000 LY i :
: -  Bpiral galaxy in the Wirge Chuster
Distanos: 35000000 LY
Digmeter 160,000 LY

"-;.._' Hoag's Object

. i Filitical gakaxy sumounded by a ring of blue stars " NGE 5670 f :
. Distarce: 600000000 LY _ N
: Diameter : 120000 LY (of oute- ring) Twaimesscting gasxies seen ecge-on “The Miky Wy N
e Distance : 200,000,000 LY b
Disrmster . 120,000 LY - S
Diameter sbout 100,000 LY =
Artist’s impression [Nick Risinger)
1433 = Trangulum'

MDA - "Eembrara’

Spiral galawy with & prorminent
buige and dust ring

Distarce : 28,000,000 LY
DCigmmeser: 0000 LY

ES0360-40 - "Cartwhes("

% Smaller spralin oo Local Group
Dstaroe | 2700000 LY
Diamerer: 50000 LY

"MET
-

A giart eliptical at the center of the Virgo Chuster.
A its conter, material faling ontd 8 SuperMmasshe
blgck hcle s emitfing powerful fets

Cistarce : 53000000 LY

Ciameter - S50,000 LY

k31 - “Ancromeda”

Mearby speral in cur Local Group

ABOUL 3% MasHive 52 the Milky Wy

It's headed straight for us | Sofision in aboul 4 bilkon years
Distance : 2 531000 LY

The main stellar disc is about the same sze as the Milky ey
butan exended, fainter disc spens sbout 220,000 LY

Walin |

Arquably the larest spiral

Morrnal stelar dise embedded it a rug
Distance ; 1,400,000.000LY
[Déarnteter: 20,000 LY (inner diso)
Diameter ; BE0O00 LY {fouter disc)
{image i an onginal artist's Impressior
of Maln 1}



"_ e
. UGE 107214 - “The Tadpale?
aturbed spiral galay with a very long tall
Digtance - 420,000,000 LY
Tortal le~gth: 390,000 LY

HEG 1316 = Famax &

Duemny el iptical galay
Destance : 62000000 LY
Diameter : 220,000 LY

MEC S8

\* " Hedcules A

Glant eliptical galay with possertul radw jets

{shoven i A SUDEITESS v

ed spral ams
t 55,000,000 LY
Darmater @ TEOO0LY Diz i 15 0 LY jate)

Hoas Object

sbaey sumounded by a ing of blue stars
00,000 LY .
20,000 LY (of outer ing) F

"WAT

3 " A giart eliptical at the center of the Virgo Chuster
- ' A itz center, material faling onta 8 Supermasshe

AT

Spiral gataxy in the Wirgo Cluster
Distance : 55,000,000 L
Digmeter 160,000 LY

The “engine” of these galaxies PP
are supermassive black holes
of ~4,000,000,000 Msun, i.e.

About 1000x the one in the Milky Way

NGE H6I0

KIS SR S0

T interscting gak &0

kalin 1

M1 - "Sombrar”

Arguably the larest spiral

Spiral galaxy w mant al stedar dise ermbedder Ug
bulpe end dust s 1,400.000.0
Cistarce | 2R000.000 LY ) 00 LY (irner disn)
Dameter ; BEOO00 LY {outer disc)
an ariginal arE's imeression
e gg
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